Abstract. A k-ordering of a graph G assigns distinct order-labels from the set {1, . . . , |G|} to k vertices in G. Given a k-ordering H, the ordered Ramsey number R < (H) is the minimum n such that every edge-2-coloring of the complete graph on the vertex set {1, . . . , n} contains a copy of H, the ith smallest vertex of which either has order-label i in H or no order-label in H.
Introduction
Ramsey's theorem establishes that for any graph H and any sufficiently large r, every red-blue coloring of the complete graph on r vertices must contain a monochromatic copy of H. The smallest r for which this is the case is referred to as the Ramsey number R(H). Loosely speaking, classical Ramsey theory focuses on bounding R(G) both for specific small graphs [4] and for infinite families of large graphs [6] . Both directions of research lead to notoriously difficult problems, the most famous of which is the study of R(K n ). For specific small n, R(K n ) is known only up to n = 4, with the best known bounds of R(K 5 ) placing the value between 43 and 49 inclusive [12, 14] . For arbitrary n, despite some smaller order improvements [7, 18] , the standard bounds of 2 n 2 ≤ R(K n ) ≤ 2 2n [10, 11] have remained largely unchanged for sixty years [8] .
This paper concerns ordered graphs. An ordered graph H is a graph whose vertices are assigned distinct order-labels from {1, 2, . . . , |H|}. Similarly, an ordered 2-coloring of the complete graph K n is a copy of K n in which every edge has been assigned one of two colors and the vertices have been labeled with {1, 2, . . . , n}. Given an ordered 2-coloring G and an ordered graph H, we say that G contains a monochromatic copy of H if G contains a subgraph isomorphic to H whose edges are a single color and whose vertices are in the same relative order as in H.
Interestingly, Ramsey's theorem generalizes to the context of ordered graphs and 2-colorings. In particular, for any ordered graph H, and a sufficiently large r, every ordered 2-coloring of the complete graph K r on r vertices must contain a monochromatic copy of H. In recent years, this has prompted the study of so-called ordered Ramsey numbers. Generalizing the Ramsey number, R < (H), the ordered Ramsey number of an ordered graph H, is the minimum number n such that every ordered red-blue coloring of K n contains an ordered monochromatic copy of H. of 4-vertex connected graphs. Then, in Section 4, we provide extensions of results from Section 3 which apply to infinite families of ordered graphs. Finally, in Section 5, we discuss directions of future work, including discussion of lower bounds for ordered Ramsey numbers of 1-orderings.
Preliminaries
In this section, we present notation and conventions. We begin by defining a k-ordered graph, also called a k-ordering. Definition 2.1. A k-ordering of a graph H assigns distinct order-labels from the set {1, . . . , |H|} to k vertices in H.
This paper focuses primarily on 1-orderings, leading us to introduce additional notation: Definition 2.2. Given a graph H and a vertex v ∈ H, the (v, l)-ordering of H for some l between 1 and |H|, inclusive, is the 1-ordering of H in which v is assigned order-label l. Figure 1 contains each of the 4-vertex connected graphs, the graph's name, and canonical names of each of its vertices. It is important to note that, as a convention, our proofs will use these canonical names when referring to vertices in each of the graphs.
The left side of Figure 2 provides an example of a 1-ordering of the 3-pan graph. Note that this is the (e 3 , 2)-ordering of the graph.
Next we define the notion of an ordered 2-coloring and what it means for an ordered 2-coloring to contain a copy of a k-ordering. Definition 2.3. A 2-coloring on n vertices is a set of n vertices between every two of which is either a red or a blue edge. Additionally, the 2-coloring is said to be ordered if every vertex has a unique integer from 1 to n assigned to it, indicating the order-label of the vertex. Definition 2.4. Given an ordered 2-coloring G and a k-ordering H, we say that G contains H if there exists a copy of H in G that satisfies the following properties:
( Figure 2 provides an example of an ordered 2-coloring containing a 1-ordering. In particular, vertices 5, 1, 2, 4 in the 2-coloring correspond with vertices e 1 , e 2 , e 3 , and e 4 in the 1-ordering.
Note that, as a convention, we will often refer to vertices in ordered 2-colorings by their order-label. In contrast, vertices in k-orderings are normally assigned names independently of their order-labels. Additionally, when we talk about vertices forming a copy of a graph, we will always list the vertices in the same order as in we list vertices in Figure 1 .
Finally, we define the generalized ordered Ramsey number. Definition 2.6. The ordered Ramsey number R < (H 1 , H 2 ) of a k-ordering H 1 and a jordering H 2 is the smallest number n such that any ordered 2-coloring on n vertices must contain a red copy of H 1 or a blue copy of H 2 . As a shorthand, R < (H, H) is denoted by R < (H).
Small Graphs
In this section we present our main results, providing an upper bound for R < (H) for each 1-ordering H of each connected 4-vertex graph. These results are summarized in Figure  3 , which provides for each 1-ordering the best known upper bound for R < (H), as well as a citation to the proof of that bound. Note that although each 4-vertex graph has four 1-orderings for each of its four nodes, 1-orderings with order-label k and those with order-label (5 − k) are equivalent by symmetry; moreover, reflectional and rotational vertex symmetries additionally render certain 1-orderings equivalent. To account for this, Figure 3 only considers a single 1-ordering in each symmetry class. Additionally, two graphs in Figure  3 have upper bounds which are trivially obtained: for both the complete graph K 4 and the cycle C 4 , any copy of the graph is guaranteed to contain every 1-ordering of it, rendering the ordered and unordered Ramsey numbers equal.
Our proofs introduce two techniques. The first, which we call the parent-graph technique is to exploit the existence of another graph that is guaranteed to contain a copy of our ordered graph. Proof. Let i be such that the ith vertex of H has an order-label, and denote that order-label l. Without loss of generality, l is either 1 or 2.
We begin by observing that any ordering of the graph C 4 (with vertices c 1 , c 2 , c 3 , c 4 ) must contain H as a subgraph. In particular, because C 4 is rotationally symmetric, we may assume without loss of generality that c i has order-label l. It follows that vertices c 1 , c 2 , c 3 , c 4 form a copy of H.
Additionally, we observe that any ordering of the graph C 5 (with vertices x 1 , x 2 , x 3 , x 4 , x 5 ) must contain H as a subgraph. Because C 5 is symmetric, without loss of generality, x i is a vertex with order-label l. If l = 1, vertices x 1 , x 2 , x 3 , x 4 form a copy of H. On the other hand, if l = 2, and x 5 does not have order-label 1, then we are also done since vertices x 1 , x 2 , x 3 , x 4 form a copy of H. Finally, if l = 2 and x 5 has order-label 1, then consider the path P made by vertices x 2i−1 , x 2i−2 , x 2i−3 , x 2i−4 , with indices taken modulo 5. The path P must contain x 5 (since i = 5 means that 2i (mod 5) = 5) and contains x i as its ith vertex, meaning that P forms a copy of H.
Let G be an ordered 2-coloring avoiding H, and for the sake of contradiction, suppose that |G| = 5. If G does not contain a monochromatic triangle, then G must consist of a red copy of C 5 and a blue copy of C 5 (Page 390 of [5] ). However, the presence of a monochromatic C 5 implies that G contains H, a contradiction. Thus, we assume that G contains a monochromatic triangle. Without loss of generality, this triangle, formed by vertices u 1 , u 2 , u 3 , is red. Let w 1 , w 2 be the two vertices not contained within this triangle. If there exist at least 2 red edges between w 1 and the vertices in the triangle (u 1 , u 2 without loss of generality), then vertices w 1 , u 1 , u 3 , u 2 form a red copy of C 4 ; thus, G is forced to contain H, a contradiction. Therefore, for each i, the edge (w i , u j ) can be red for at most one j.
We claim that for each i, there exists a unique j such that the edge (w i , u j ) is red. For the sake of contradiction, suppose that the edges (w 1 , u j ) are blue for all j. Without loss of generality, edges (w 2 , u 1 ) and (w 2 , u 2 ) are also blue. Then vertices w 1 , u 1 , w 2 , u 2 , in that order, form a blue copy of C 4 , thus containing a copy of H, a contradiction.
Without loss of generality, edges (w 1 , u 1 ) and (w 2 , u 2 ) are red, and all other edges of the form (w i , u j ) are blue. If edge (w 1 , w 2 ) is red, then vertices w 1 , u 1 , u 2 , w 2 form a red copy of C 4 , a contradiction. Thus, edge (w 1 , w 2 ) must be blue.
All edge colors in G are now determined. In particular, (w 1 , w 2 ), (w 1 , u 2 ), (w 1 , u 3 ), (w 2 , u 1 ), and (w 2 , u 3 ) are blue, while the remaining edges are red.
Performing casework on the location of the smallest vertex of G (which we omit for the sake of brevity), we can see that any 1-ordering of P 4 with order-label l = 1 is contained in G. Performing casework on the locations of the smallest and second-smallest vertices of G, we can see that any 1-ordering of P 4 with order-label l = 2 is contained in G. By symmetry, G must contain all other 1-orderings of the 4-path. 6 Hence, in all cases, if |G| = 5, then G must contain H. This implies that R < (H) ≤ 5. Since R(P 4 ) = 5 [5] and H is a 1-ordering of P 4 , we must have R < (H) = 5.
Next, we apply the parent-graph technique to certain 1-orderings of the 3-pan. Later, in Theorem 3.6, we will strengthen this bound for l in the set {2, 3}. Theorem 3.2. For any l ∈ {1, 2, 3, 4}, let H be the (e 3 , l)-ordering of the 3-pan. Then
Proof. Let G be a 2-coloring containing a monochromatic copy of the diamond graph. We claim that G must also contain H. In particular, it suffices to show that any ordering of the diamond graph must contain a copy of H. If d 1 in the diamond graph has order-label l, vertices d 1 , d 2 , d 3 , and d 4 in the diamond graph correspond to vertices e 3 , e 2 , e 4 , and e 1 , respectively, in the 3-pan. If d 2 in the diamond graph has order-label l, vertices d 1 , d 2 , d 3 , and d 4 correspond to vertices e 1 , e 3 , e 2 , and e 4 , respectively, in the 3-pan. Thus, any e 3 -ordering of the 3-pan is contained within the diamond graph. Since the Ramsey number of the diamond graph is 10 [5], we have R < (H) ≤ 10.
For completeness, we also apply the parent-graph technique to a 1-ordering of the 4-star. This application is somewhat less interesting than the others. Our next seven results, the paper's most difficult, rely on the two-vertex anchoring technique. Classically, one finds upper bounds for Ramsey numbers of small graphs using what we call single-vertex anchoring, in which the proof centers around a single vertex. In particular, one selects a vertex v in the 2-coloring and individually analyzes the sets X of vertices connected to v by red edges and Y of edges connected to v by blue edges. On the other hand, two-vertex anchoring selects two vertices v 1 and v 2 with sets X 1 , Y 1 and X 2 , Y 2 similarly defined for v 1 and v 2 , respectively. The proof proceeds by individually analyzing
Our next theorem uses two-vertex anchoring to prove an upper bound on the ordered Ramsey number of the remaining 1-ordering of the 4-star. Proof. Let G be an ordered 2-coloring avoiding H. Without loss of generality, edge (1, 2) in G is blue. Let V R be the set of vertices connected to vertex 1 by red edges, and let V B be the set of vertices other than vertex 2 connected to vertex 1 by blue edges.
Note that there can be at most 1 blue edge between vertex 2 and a vertex with a larger order-label. Otherwise, there would exist a blue copy of H formed by vertices 1 and 2 and any two other vertices connected to vertex 2 by blue edges. Let V RR be the set of vertices in V R connected to vertex 2 by red edges, and let V BR be the set of vertices in V B connected to vertex 2 by blue edges. We have already shown that there are at most 3 vertices outside V RR ∪ V BR . We finish by considering the following cases:
• |V RR | = 0: Note that V BR must avoid monochromatic 3-paths, since combined with either vertex 1 or 2, a monochromatic 3-path in V BR would yield a monochromatic copy of H. Since the Ramsey number of the 3-path is 3, V BR has size at most 2. Thus, |G| ≤ 3 + |V BR | ≤ 3 + 2 = 5. Proof. Let G be an ordered 2-coloring avoiding H. Define V RR , V RB , V BB , V BR to be the sets of vertices in G connecting to vertex 1 by red, red, blue, and blue edges, respectively, and to vertex 2 by red, blue, blue, and red edges, respectively. Without loss of generality, the edge between vertices 1 and 2 is red.
Observe that V BB contains only red edges, since if there were a blue edge (u, v) in V BB , there would be a blue copy of H formed by vertices 1, u, 2, v. Thus, |V BB | ≤ 3. Also note that V RR and V BR can only contain blue edges, since if there were a red edge (u, v) in either set, a red copy of H would be formed by vertices 1, 2, u, v. (Recall that the edge between 1 and 2 is red.) This implies that |V RR | ≤ 3 and |V BR | ≤ 3.
Moreover, all edges between vertices in V BB and vertices in V RB must be red and all edges between vertices in V RR and vertices in V BR must be blue. In particular, suppose that there is a blue edge (u, v) from V RB to V BB . Then a blue copy of H can be constructed using vertices 1, v, 2, u. Similarly, if there is a red edge (u, v) from V RR to V BR , then a red copy of H can be constructed using vertices 1, v, 2, u.
Additionally, observe that any monochromatic triangle in V RB ∪ V BR would form a copy of H with one of vertices 1 or 2. Since R(K 3 ) = 6, we have |V RB | + |V BR | ≤ 5.
Aided by the above observations, we use the following cases to establish that that |G| ≤ 9: • |V RB | ≥ 1, |V BR | = 0: By the argument we used in the first case, we know that |V BB | ≤ 1.
We claim that |V RB ∪ V RR | ≤ 6. For the sake of contradiction, suppose otherwise. Since R(K 3 ) = 6, there must exist a monochromatic triangle in V RB ∪ V RR . One can verify that unless this triangle is a blue triangle entirely contained within V RR , the triangle along with either vertex 1 or vertex 2 forms a monochromatic copy of H. If this triangle is a blue triangle entirely contained within V RR , then by removing one of the vertices in this triangle, we are left with at least 6 vertices in V RB ∪ V RR and therefore another monochromatic triangle. However, the new triangle cannot be a blue triangle entirely contained within V RR (since |V RR | ≤ 3 and we have removed a vertex from V RR ), a contradiction. We have
• |V RB | = 0, |V BR | ≥ 1: By the argument used in the first case, we know that |V RR | ≤ 1.
The following upper bound on the ordered Ramsey number of the (e 3 , 2)-ordering of the 3-pan actually combines two-vertex anchoring with Theorem 3.2, an application of the parentgraph technique. In doing so, it strengthens the bound provided by Theorem 3.2. Theorem 3.6. Let H be the (e 3 , 2)-ordering of the 3-pan. Then R < (H) ≤ 9.
Proof. Let G be an ordered 2-coloring on n vertices avoiding H. Without loss of generality, edge (1, n) is red. Define V RR , V RB , V BB , V BR to be the sets of vertices in G connecting to vertex 1 by red, red, blue, and blue edges and to vertex n by red, blue, blue, and red edges, respectively.
Since any monochromatic copy of the diamond graph contains H (Theorem 3.2), G cannot contain any monochromatic copies of the diamond graph. This implies that V RR contains at most one vertex, since any two vertices in V RR along with vertices 1 and n would yield a monochromatic copy of the diamond graph. Moreover, if V BB contains a blue edge (v 1 , v 2 ), then vertices 1, v 1 , v 2 , n form a blue copy of the diamond graph. Thus, V BB contains only red edges. Note that if V RB contains a red edge (v 1 , v 2 ), then since 1 < v 1 , v 2 < n, vertices n, 1, v 1 , v 2 form a red copy of H with v 1 or v 2 in position e 3 ; interestingly, this is the only step in this proof where we construct a copy of H directly, instead of through a copy of the diamond graph. Thus, V RB contains only blue edges. If |V RB | ≥ 3, then three vertices in V RB along with vertex n form a blue copy of K 4 , a contradiction. Thus, |V RB | ≤ 2.
A similar argument shows that V BR contains only blue edges. Since any three vertices in V BR along with vertex 1 form a blue copy of K 4 , |V BR | ≤ 2.
Consider the following cases:
• |V RB |, |V BR | ≤ 1: Since V BB contains only red edges, V BB must contain fewer than four vertices. Otherwise, V BB would contain a red copy of K 4 , a contradiction. Since |V BB | ≤ 3, we have |G| = 2 + |V RR | + |V RB | + |V BB | + |V BR | ≤ 2 + 1 + 1 + 3 + 1 = 8. 9
• |V RB | = 2: For the sake of contradiction, assume that |V BB | ≥ 2. Proof. Suppose that there exists a 2-coloring G containing no monochromatic copies of H. Define V RR , V RB , V BB , V BR to be the sets of vertices in G connecting to vertex 1 by red, red, blue, and blue edges and to vertex 2 by red, blue, blue, and red edges, respectively.
Note that all edges between pairs of vertices in V RR must be blue. If there exists a red edge between vertices v 1 , v 2 ∈ V RR , then vertices 1, v 1 , v 2 , and 2 must form a copy of H. Since V RR 's edges are all blue, |V RR | ≤ 3. By symmetric reasoning, V BB contains only red edges, and |V BB | ≤ 3. If |V RB ∪ V BR | ≥ 6, then since R(K 3 ) = 6, there must exist vertices v 1 , v 2 , v 3 ∈ |B ∪ C| forming a monochromatic copy of K 3 . Consider the following cases: 
Proof. Let G be an ordered 2-coloring avoiding H. Without loss of generality, edge (1, 2) is red. Define V RR , V RB , V BB , V BR to be the sets of vertices in G connecting to vertex 1 by red, red, blue, and blue edges and to vertex 2 by red, blue, blue, and red edges, respectively. If V BR contains a monochromatic triangle, then the vertices of the triangle form either a blue copy of K 4 with vertex 1 or a red copy of K 4 with vertex 2. Thus, V BR must avoid triangles. This means that |V BR | ≤ R(K 3 ) − 1 = 5. By similar reasoning, V RB avoids triangles, and |V RB | ≤ 5.
If V BB contains a blue edge between some two vertices u and v, then vertices 2, u, v, and 1 form a copy of H. Thus, all edges between vertices in V BB must be red, implying that |V BB | ≤ 3.
By similar reasoning, all edges in V RR must be blue, and |V RR | ≤ 3. Moreover, if there is a red edge between vertices u ∈ V RB and v ∈ V RR , then vertices 2, v, 1, and u form a copy of H. This means that all edges between V RB and V RR are blue. Now note that |G| ≤ 15 in all possible cases:
• |V RB | = 0: We get |G| = 2 + |V BB | + |V RB | + |V RR | + |V BR | ≤ 2 + 3 + 0 + 3 + 5 = 13.
• |V RB | ≥ 1, |V RR | = 0: We get |G| = 2+|V BB |+|V RB |+|V RR |+|V BR | ≤ 2+3+5+0+5 = 15.
• Proof. Let G be an ordered 2-coloring on n vertices avoiding H. Without loss of generality, edge (1, n) is red. Define V RR , V RB , V BB , V BR as the sets of vertices in G connecting to vertex 1 by red, red, blue, and blue edges and to vertex n by red, blue, blue, and red edges, respectively. Note that if V BB contains any blue edges, then there exists a copy of H in G. Thus, V BB must contain only red edges. In order for V BB to avoid K 4 , we get that |V BB | ≤ 3. By similar reasoning, all edges in V RR must be blue, and |V RR | ≤ 3.
Let P 3a be the ordered 3-vertex path 1-2-3 and P 3b be the ordered path 2-1-3. Note that V RB cannot contain a blue copy of P 3a or a red copy of P 3b , since such copies could be combined with vertices n or 1, respectively, in order to obtain copies of H. We will use this to show that |V RB | ≤ 4.
Suppose that there exists an ordered 2-coloring on 5 vertices avoiding red copies of P 3a and blue copies of P 3b . This 2-coloring must, by extension, avoid monochromatic copies of K 3 . The only 2-colorings on 5 vertices avoiding K 3 are those in which the set of red edges and the set of blue edges each form a 5-vertex cycle. Let the blue edges in our 2-coloring be
, and (v 5 , v 1 ). Without loss of generality, v 1 < v 2 . Since V RB avoids blue copies of P 3a , no path of three vertices can be in increasing or decreasing order, implying that v 2 > v 3 , v 3 < v 4 , v 4 > v 5 , and v 5 < v 1 . However, this means that v 5 , v 1 , and v 2 form a blue copy of P 3a , a contradiction. Thus, |V RB | ≤ 4.
Similarly, observe that V BR cannot contain a red copy of P 3a or a blue copy of P 3b . By duplicating the above argument, we have |V BR | ≤ 4.
We have |G| = 2 + |V BB | + |V RB | + |V RR | + |V BR | ≤ 2 + 3 + 4 + 3 + 4 = 16.
The remaining results in this section prove upper bounds for the not-yet-discussed 1-orderings of the 3-pan. These results are proven using variants of classic single-vertex anchoring. Theorem 3.11. Let H be a (e 1 , 2)-ordering of the 3-pan. Then R < (H) ≤ 10.
Proof. Let G be an ordered 2-coloring avoiding H. Without loss of generality, the edge between vertices 1 and 2 in G is red. Let A be the set of vertices in G\{2} connected to vertex 1 by a red edge, and let B be the set of vertices in G that are connected to vertex 1 by a blue edge.
Observe that A cannot contain a red edge, since vertices 2 and 1 could be combined with such an edge to form a copy of H. Therefore, in order for A to avoid K 4 , we get |A| ≤ 3. Now let u be the smallest vertex in B, and define the set C as B\{u}. Observe that C must avoid blue edges, since vertices u and 1 could be combined with such an edge to form a copy of H. Thus C has size at most 3. Combining our results, we have |G| = 3 + |A| + |C| ≤ 3 + 3 + 3 = 9. 12 Theorem 3.12. Let H be the (e 2 , 1)-ordering of the 3-pan. Then R < (H) = 7.
Proof. Let G be an ordered 2-coloring avoiding H. For the sake of contradiction, suppose that |G| = 7. Let V R be the set of vertices in G connected to vertex 1 by red edges, and let Proof. Let G be an ordered 2-coloring avoiding H. Without loss of generality, (1, 2) is blue.
Let A be the set of vertices in G \ {1} connected to vertex 2 by a blue edge. We will show that A has size at most 2. First, observe that A contains only red edges. Indeed, if A contained a blue edge (u, v), then the vertices 1, 2, u, and v would form a blue copy of H, a contradiction. Suppose that A contains at least 3 vertices u < v < w. Since u, v, and w form a red triangle, in order for vertices 1, u, v, and w not to form a red copy of H, the edge (1, u) must be blue. However, this means that vertices v, 2, 1, and u form a blue copy of H, a contradiction. Thus, |A| ≤ 2.
Let G ′ comprise the vertices in G \ ({1, 2} ∪ A). Let v 1 be the smallest vertex in G ′ , and let B be the subset of G ′ connected to v 1 by red edges. Since all vertices in B are connected to vertices 2 and v 1 by red edges and are all greater than 2 and v 1 , any two vertices in B can be combined with 2 and v 1 to yield a red copy of H. Thus, |B| ≤ 1.
Let
. Let v 2 be the smallest vertex in G ′′ . Let C be the subset of G ′′ connected to v 2 by blue edges, and let D be the subset of G ′′ connected to v 2 by red edges. Since v 1 and v 2 connect to vertices in C only by blue edges, any two vertices in C can be combined with v 1 and v 2 to yield a blue copy of H. Thus, |C| ≤ 1. Similarly, any two vertices in D can be combined with 2 and v 2 to yield a red copy of H, forcing that |D| ≤ 1. Consequently, |G| = 4 + |A| + |B| + |C| + |D| ≤ 4 + 2 + 1 + 1 + 1 = 9.
Infinite Families of Graphs
In this section, we prove upper bounds on two infinite families of ordered Ramsey numbers. Theorem 4.1 says that for all 1-orderings H of n-vertex paths, R < (H) ∈ O(n). Theorem 4.4 proves a more general result. For any graph H containing a vertex v with order-label 13 1, Theorem 4.4 bounds R < (K n , H) in terms of R < (K m , H \ {v}) for m ≤ n. Consequently, Theorem 4.4 can sometimes be used to reduce ordered Ramsey number upper bounds to classical Ramsey number results. Our first theorem applies the parent-graph technique to any 1-ordering of a path. This naturally extends our argument for P 4 (Theorem 3.1). Theorem 4.1. Let H be a 1-ordering of the path P n . Then R < (H) ≤ R(C n ), where C n is the n-cycle.
Proof. Let G be an ordered 2-coloring consisting of R(C n ) vertices. By definition, G must contain a monochromatic copy of C n . Let m be the order-label of the ordered vertex in H. Consider the monochromatic n-path formed by the vertices of the copy of C n in which the m-th smallest vertex in the cycle has the same position as the ordered-vertex in H. Since H only has 1 ordered vertex, this monochromatic n-path is a copy of H. It follows that G contains H. n − 1 for even n.
Proof. Since R(C n ) + 1 is 2n for odd n > 4 and Next, we present upper bounds for a more general family of ordered Ramsey numbers. In particular, the following bound can be applied to R < (K n , H) for any k-ordered graph H containing some vertex with order-label 1. The proof of our bound relies on a single-vertex anchoring argument. 
Proof. As a base case, suppose that n = 1. Then R < (K 1 , H + ) = 1, which is ≤ R < (K 1 , H), as claimed. Proceed by induction on n ≥ 2, and suppose that
Let G be an ordered 2-coloring that does not contain a red copy of K n or a blue copy of H + . Let A be the set of vertices in H connected to vertex 1 by red edges, and let B be the set of vertices in H connected to vertex 1 by blue edges. Note that A cannot contain a red copy of K n−1 or a blue copy of H + and that B cannot contain a red copy of K n or a blue copy of H. This means that |A| ≤ R < (K n−1 ,
, by our inductive hypothesis, and that |B| ≤ R < (K n , H) − 1. Consequently,
The following corollary uses Theorem 4.4 to generalize our bound on the (d 2 , 1)-ordering of the diamond graph, which can be regarded simply as P + 3 . Note that this corollary gives an upper bound for R < (P
Proof. It is well known that the Ramsey number of a complete graph on m vertices and a tree on n vertices is (m − 1)(n − 1) + 1 [3] . Since P n is a tree, combining this formula with Theorem 4.4 yields
Note that Theorem 4.4 is not restricted to bounds for 1-orderings. For example, one can generalize Corollary 4.5 by applying Theorem 4.4 repeatedly to P + n in order to establish that
, where the + operator is iterated j times.
Conclusion and Future Work
In this paper, we established upper bounds for ordered Ramsey numbers of all 1-orderings on 4 vertices. Additionally, we found upper bounds for several infinite families of orderings, including an upper bound for R < (K n , H + ) for all k-orderings H with a vertex of order-label 1 (Theorem 4.4). Our proofs suggest several new paradigms for finding upper bounds for ordered Ramsey numbers of small graphs. In particular, the following two ideas have proven to be effective: (1) exploiting the existance of an unordered graph that is guaranteed to contain a copy of our ordered graph, and (2) analysing 2-colorings from the perspective of two anchor vertices.
Since our research so far focuses almost exclusively on upper bounds on ordered Ramsey numbers, one important direction of future research will be to find lower bounds. In some cases, finding lower bounds may not be difficult. For example, our upper bounds for the 1-orderings of the 4-path are trivially tight, since they match the unordered Ramsey number. In other cases, classical Ramsey number lower bounds [2, 5, 12, 13, 18] may be easily adapted to the ordered context.
Finding a lower bound on a Ramsey number of a graph entails finding a construction of a 2-coloring avoiding the graph. Due to the computational complexity of examining all 2-colorings of K n , of which there are 2 Θ(n 2 ) , this construction usually cannot be found solely by means of a brute-force search with a computer program. In some cases, however, it may be possible to find a construction with assistance from a computer program. For example, as a preliminary result, we have worked to find a lower bound for R < (DG), where DG is the ordering of the diamond graph assigning values 1, 2, 3, 4 to vertices d 1 , d 2 , d 3 , d 4 , respectively. By constructing a skeleton for a lower bound construction based on the proof of Theorem 3.7, and then filling in the remaining edges by means of brute force, we are able to show that R < (DG) ≥ 12. Figure 4 provides an example of a 2-coloring which establishes this bound. 15
Interestingly, we were able to generate 25536 constructions for our lower bound, indicating that our result is likely not tight. Additionally, the following directions of future work seem interesting. 
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